We generalize previous work by considering a novel gravitational model with an action given by an arbitrary function of the Ricci scalar, the matter Lagrangian density, a scalar field and a kinetic term constructed from the gradients of the scalar field, respectively. The gravitational field equations in the metric formalism are obtained, as well as the equations of motion for test particles, which follow from the covariant divergence of the stress-energy tensor. Specific models with a nonminimal coupling between the scalar field and the matter Lagrangian are further explored. We emphasize that these models are extremely useful for describing an interaction between dark energy and dark matter, and for explaining the late-time cosmic acceleration.
I. INTRODUCTION
Scalar fields play a fundamental role in the cosmological description of our Universe [1] . One of the first major extensions of general relativity, proposed by Dicke and Brans [2] [3] [4] , conjectured that "Mach's principle" might lead to a dependence of the local Newtonian gravitational constant, G, since in most cosmological models the total mass M and radius of curvature of the Universe a(t) are related by an equation of the form G −1 ∼ M/a(t)c 2 . Consequently, in the variational principle of general relativity [2] [3] [4] , it was proposed to substitute G −1 with a scalar field φ, and to also add to the action the kinetic energy corresponding to φ. Therefore, the variational principle of the Brans-Dicke theory can be formulated as δ φR + L m − ω∇ λ φ∇ λ φ/φ √ −gd 4 x = 0, where R is the scalar curvature, L m is the matter Lagrangian, and ω is a coupling parameter. The scalar-tensor gravitational models have been intensively investigated, and can be considered as a valid approach in explaining the recent accelerated expansion of the Universe, inferred from the Type Ia supernova observations [5] . According to standard general relativity, the observed late-time cosmic acceleration can be successfully explained by introducing either a fundamental cosmological constant [6] -which would represent an intrinsic curvature of space-time -or a dark energy -which would mimic a cosmological constant (at least during the late stage of the cosmological evolution), as the concordance of observations are still in favor of the λ-CDM standard model [7] , where λ is a constant. One of the currently main dark energy scenarios is based on the so-called quintessence, introduced in [8] and [9] , where dark energy corresponds to a new scalar particle Φ.
After the Brans-Dicke proposal, other forms of scalartensor theoretical models were investigated. Cosmologies where the Planck length is not a fundamental constant but rather evolves with time were considered in [10] , and it was shown that the dynamics which should be responsible for today's tiny value of this length scale are governed by the effective potential of a Brans-Dicke type theory. One can also extend the coupling of the scalar field and curvature to a nonminimal coupling, provided by F (φ)R, where, for example, F (φ) = 1 − ξφ 2 , and ξ is a coupling constant [11] . In these types of models non-minimally coupled Higgs field with a large coupling ξ might give rise to a successful inflation [11] , which is otherwise very difficult to be achieved [12] . One of the positive features of Brans-Dicke-like theories is that they seem to be generically driven toward general relativity during the cosmological evolution of the Universe [13] .
Couplings between the scalar and the matter fields have been investigated as well [14] [15] [16] [17] [18] [19] [20] [21] [22] . Indeed, such couplings generically appear in Kaluza-Klein theories with compactified dimensions [23] or in the low energy effective limit of string theories [14, 15, 17] . In the latter context, some authors proposed that the dilaton could be a good candidate for the quintessence [14] or the inflaton [15] . But even from a phenomelogical point of view, it has been argued that specific restrictions such as gauge and diffeomorphism invariances essentially single out a particular set of effective theories which turns out to be Brans-Dicke-like theories with scalar/matter coupling [16] . A good feature of such theories is that under various assumptions -and similarly to Brans-Dicke-like theories without scalar/matter coupling -they seem to be driven toward a weak coupling through cosmological evolution [17] . Therefore, they seem to be able to explain the current tight constraints on the equivalence principle without fine-tuning parameters [18] .
More recently, it has been argued that a scalar/matter coupling could be responsible for a dependency of the effective mass of the scalar-field upon the local matter density [24] . Such a scalar-field has been dubbed chameleon as "in regions of high density, the [scalar-field] chameleon blends with its environment and becomes essentially invisible to searches for EP violation and fifth force" [25] .
The possibility of a nonminimal coupling between matter and geometry, somehow similar to the coupling between the scalar field and curvature in the Brans-Dicke theory, with the matter Lagrangian playing the role of φ, was considered in [26, 27] , in the framework of the so-called f (R) models of gravity [28] [29] [30] , and further extended in [31] . An extension of the f (R) gravity model, called f (R, φ) gravity was also proposed in [32] , and further discussed and generalized in [33] . The action considered for the f (R, φ) gravity model is given by
, where β is a constant. In this context, the maximal extension of the standard Hilbert-Einstein action of general relativity, S = (R/16πG + L m ) √ −gd 4 x, was considered in [34] , where the f (R) type gravity models were maximally generalized by assuming that the gravitational Lagrangian is given by an arbitrary function of the Ricci scalar R and of the matter Lagrangian L m , so
It is the purpose of the present paper to consider a generalized f (R, L m ) type gravity model, in which, beyond the ordinary matter, described by its thermodynamic energy density ρ and pressure p, the Universe is filled with a scalar field φ. Consequently, in the gravitational action the scalar field, as well as its kinetic energy, ∇ µ φ∇ µ φ are also present, and the Lagrangian takes the form
where f is an arbitrary function. Therefore, in these models an explicit nonminimal coupling between matter and the scalar field is also allowed. As a first step in our study we obtain the gravitational field equations in the metric formalism, and the equations of motion for test particles, which follow from the covariant divergence of the stress-energy tensor. Some specific models with nonminimal scalar field-matter coupling are further explored.
II. GRAVITATIONAL FIELD EQUATIONS
We assume that the action for the modified theories of gravity, considered in this work, is given by
where √ −g is the determinant of the metric tensor g µν , and f (R, L m , φ, g µν ∇ µ φ∇ ν φ) is an arbitrary function of the Ricci scalar R, the matter Lagrangian density, L m , a scalar field φ, and the gradients constructed from the scalar field, respectively. The only restriction on the function f is to be an analytical function of R, L m , φ, and of the scalar field kinetic energy, respectively, that is, f must possess a Taylor series expansion about any point.
We define the "reduced" stress-energy tensor as [35] 
By assuming that the matter Lagrangian density L m depends only on the metric tensor components g µν , and not on its derivatives, we obtain the stress-energy tensor as
Furthermore, we assume that the scalar field φ is independent of the metric, i.e., δφ/δg µν ≡ 0. In the following we will denote, for simplicity, (∇φ) 2 = g µν ∇ µ φ∇ ν φ. By varying the action S of the gravitational field with respect to the metric tensor components g µν , we obtain the field equations of the f R, L m , φ, (∇φ) 2 gravitational model as
where the subscript of f denotes a partial derivative with respect to the arguments, i.e.,
2 . Now varying the action with respect to φ, provides the following evolution equation for the scalar field (∇φ)
where f φ = ∂f /∂φ and
gravity. The contraction of Eq. (4) provides the following relation between the Ricci scalar R, the matter Lagrangian density L m , the derivatives of the scalar field, and the trace τ = τ µ µ of the "reduced" stress-energy tensor,
By taking the covariant divergence of Eq. (4), we obtain for the covariant divergence of the "reduced" stressenergy tensor the following expression
This relationship was deduced by taking into account the following mathematical identities (9) and we have used the fact that we consider torsion-free space-times such that [∇ σ ∇ ǫ − ∇ ǫ ∇ σ ] ψ = 0, where ψ is any scalar-field. Now, using Eq. (6) we get
For φ ≡ 0, Eqs. (4) reduce to the field equations of the f (R, L m ) model considered in [34] . For φ = 0, one recovers the good conservation equations for either general relativity and Brans-Dicke-like scalar-tensor theories (with and without scalar/matter coupling [21] ). For instance, the total Lagrangian of the simplest matter-scalar fieldgravitational field theory, with scalar field kinetic term and a self-interacting potential V (φ) corresponds to the choice
where λ is a constant. The corresponding field equations can be immediately obtained from Eqs. (4) as
The scalar field satisfies the evolution equation
while the stress-energy tensor obeys the conservation equation ∇ σ τ µσ = 0.
III. MODELS WITH NONMINIMAL MATTER-SCALAR FIELD COUPLING
As an example of the application of the formalism developed in the previous section, we consider a simple phenomenological model, in which a scalar field is nonminimally coupled to pressure-less matter with rest mass density ρ. For the action of the system we consider
where F (φ) is an arbitrary function of the scalar field that couples non-minimally to ordinary matter. The field equations for this model are given by
where u µ is the four-velocity of the matter fluid. The scalar field satisfies the evolution equation
where is the usual d'Alembert operator defined in a curved space. The total stress-energy tensor of the scalar field-matter system is given by
(17) Through the Bianchi identities, the covariant divergence of T µν must be zero, that is, ∇ ν T µν = 0. In the following, we assume that the mass density current is conserved, i.e., ∇ ν (ρu ν ) = 0. Using the latter condition, and the mathematical identity given by
(18) By eliminating the term φ with the help of Eq. (16), we obtain
Using the identity
where Γ µ αβ are the Christoffel symbols corresponding to the metric, the equation of motion of the test particles nonminimally coupled to an arbitrary scalar field takes the form
(20) A particular model can be obtained by assuming that F (φ) is given by a linear function,
where Λ is a constant. Then the equation of motion becomes
(22) In order to simplify the field equations we adopt for λ the value λ = − Λ 2 − 1 /8. Then Eq. (16), determining the scalar field, takes the simple form φ = ρ.
The gravitational field equations take the form
with the total stress-energy tensor given by
For Λ = 1 we reobtain the general relativistic model for dust. Other possible choices of the function F (φ), such as F (φ) = exp(φ), can be discussed in a similar way. A more general model can be obtained by adopting for the matter Lagrangian the general expression [36] [37] [38] 
where ρ is the rest-mass energy density, p is the thermodynamic pressure, which, by assumption, satisfies a barotropic equation of state, p = p (ρ). By assuming that the matter Lagrangian does not depend on the derivatives of the metric, and that the particle matter fluid current is conserved [∇ ν (ρu ν ) = 0], the Lagrangian given by Eq. (25) is the unique matter Lagrangian that can be constructed from the thermodynamic parameters of the fluid, and it is valid for all gravitational theories satisfying the two previously mentioned conditions [38] .
The gravitational field equations and the equation describing the matter-scalar field coupling are given by
where
, and where the total energy density is ǫ = ρ + ρ dp/ρ − p [36, 38] . With the use of the conservation equation ∇ ν (ρu ν ) = 0, one obtains the equation of motion of massive test particles as (28) can also be derived from the variational principle δ 1 + dp/ρ √ g µν u µ u ν ds = 0. Models with scalar field-matter coupling were considered in the framework of the Brans-Dicke theory [20] , with the action of the model given by
Such models can give rise to a late time accelerated expansion of the Universe for very high values of the Brans-Dicke parameter ω. Other models with interacting scalar field and matter have been considered in [19] . We emphasize that the gravitational theory considered in this work generalizes all of the above models.
IV. DISCUSSION AND CONCLUSION
In the present paper we have presented a novel gravitational theory where the Lagrangian is given by an arbitrary function of the Ricci scalar, matter Lagrangian, a scalar field and its kinetic term, respectively. The field equations for this model were obtained for the general case, and the divergence of the stress-energy tensor has been computed. Our model unifies into a single mathematical formalism all the known modifications of standard general relativity (Brans-Dicke model, standard scalar field and quintessence models, f (R, L m ) gravity etc.). Moreover, this approach opens the possibility of a systematic study of the maximal extensions of the classical Hilbert-Einstein Lagrangian in the presence of scalar fields, thus providing a theoretical tool for exploring the limits of the presently known geometrical gravitational theories. Specific models with a nonminimal interaction between the scalar field and ordinary matter were also explored.
In this context, an interesting application of the formalism, outlined in this work, it to the recently proposed cosmological model, denoted as growing neutrino quintessence model [39] (and further developed in [40] ). In this model, dark energy, described by a scalar field (cosmon), evolves dynamically and interacts with the cosmological neutrino backgrounds. The coupling between dark energy and neutrinos (described by the Dirac equation with scalar field dependent neutrino masses) provides a solution to the coincidence problem, and explains the small value of the cosmological constant. A coupling between the cosmon and the neutrinos leads to an exchange of energy and momentum, and to the non-conservation of the individual stress-energy tensors. Note that the geodesic equations of motion are also modified due to the presence of a cosmon mediated fifth force and of a velocity dependent force. In addition to this, the formation of large-scale neutrino structures, the local variations in the dark energy and the backreaction on the background evolution were further analysed by using a relativistic N-body treatment of the neutrinos, combined with the computation of the local quintessence field. We emphasize that the scalar field and the matter-field coupling sectors of the growing quintessence model are also particular cases of the general framework introduced in the present paper. In particular, according to the growing neutrino quintessence model, the equation of motion of the neutrino is given by du α /ds + Γ α µν u µ u ν + βu λ u α ∇ λ ϕ − β∇ α ϕ = 0, where β = −d ln m ν /dϕ, and with m ν the (scalar field dependent) neutrino mass [40] . Due to the cosmon-neutrino coupling there is a deviation from the geodesic motion. Note that the equation of motion of the neutrino in this model is identical with the general Eq. (20), if we interpret the function F (φ) in terms of the neutrino mass.
In conclusion, the general formalism outlined in this work can be extremely useful in a variety of scenarios, such as, in describing the interaction between dark energy, modeled as a scalar field, and dark matter, or ordinary matter (neutrinos), with or without pressure, matter-scalar field interactions in inflation, as well as in the study of the interactions of the scalar field (representing dark matter and/or dark energy) and the electromagnetic component in the very early Universe. Moreover, they can provide a realistic description of the late expansion of the Universe, where a possible interaction between ordinary matter and dark energy cannot be excluded a priori. Work along these lines is presently underway and the cosmological consequences of the present theory will also be investigated in detail in a future publication.
